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Abstract. Type IIIi factors arising as (direct summands of) von Neumann algebraic free 
products are investigated. In particular we compute Connes' Sd- and r- invariants for those 
type nil factors without any extra assumption. 

1. Introduction 

Let Ml and M2 be cr-finite von Neumann algebras equipped with faithful normal states 
ipi and ip2, respectively. The von Neumann algebraic free product (M, (p) of (Mi, 931) and 
(M2,V32) has been investigated so far by many hands. The questions of factoriality, Murray- 
von Neumann-Connes type classification and fullness for M are fundamental, but it is quite 
recent that they are solved completely. The complete solution [35] is as follows. When Mi 7^ 
C ^ M2, the resulting free product von Neumann algebra M is always of the form Md ® Mc 
of multi-matrix algebra Md and diffuse von Neumann algebra Ale possibly with M = Mc or 
equivalently Md = 0. The center of M and the structure of {Md, v\Md) are described explicitly. 
If dim(Mi) = 2 = dim(M2), then M^ = L°°[0,1] (g) M2(C) and the free product state ip is 
tracial; otherwise Mc is always a factor of type IIi or IIIa (A ^ 0) with the T-set formula 
T(Me) = e K I af^ = ld = af'} and M^ n M^ = C. 

Many fundamental questions on Mc still remain unsolved, and some of them were stated 
in (25] §5]. The main purpose of the present notes is to study some of those, and thus this 
means that the present work may be regarded as a continuation of [25]. The most interesting 
question is roughly how the free product von Neumann algebra M 'remembers' the given states 
(fii, i = 1,2. In view of this we are interested in when {{Mc)^^^^^ )' n M" becomes trivial. It was 
already established, see [351 Remark 4.2 (4)], that this is the case at least when both Mi and 
M2 are of type I with discrete center. In the present notes we show that this is always the case if 
the given ipi and ip2 are almost periodic. This in particular shows that the Sd-invariant Sd(Mc) 
is exactly the multiplicative group algebraically generated by the point spectra of the modular 
operators A.^., i = 1,2, under the same hypothesis on ipi and ip2 as above together with the 
separability of preduals. We also give an opposite fact, that is, any finite von Neumann algebra 
(allowed to be any multi-matrix algebra) can be the centralizer of the free product state on a 
certain free product type IIIi factor (which depends on a given finite von Neumann algebra). 
Remark that the modular operator associated with the free product state that we construct 
has no eigenvalue except 1. Therefore the next task should be to clarify when Ale has an 
almost periodic state. In fact, there may a priori exist an almost periodic state on Mc that 
is different from the free product state (^|mc- For the question we compute the r- invariant 
r(Mc) introduced by Connes [3] in terms of given data without any extra assumption (except 
the separability of preduals). This is nothing but a final result in the direction, generalizing 
all the previously known results due to Shlyakhtenko [HI Corollary 8.4] (based on Barnett's 
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work W, Theorem 11]) and Vaes Appendix 4]. Our result on r(A/c) implies, under the 
separability assumption of preduals again, that A'lc possesses an almost periodic state or weight 
if and only if the given ipi and 1^92 are almost periodic, or equivalently so is ip. 

The notations we employ in the present notes entirely follow our previous paper [2 5) . Basics 
on von Neumann algebraic free products and ultraproducts of von Neumann algebras are sum- 
marized in [351 §2]- We refer to [H] for standard theory on von Neumann algebras including 
modular theory, and to Connes' paper H! (and also Shlyakhtenko 19 ) for general scheme of 
analysis on full factors of type IIIi. 

2. Relative Commutant {{Mc)^\j^,J' Ci and Sd-invariant Sd(A/c) 

Firstly we establish that any free product state of almost periodic ones satisfies a very strong 
ergodicity property. We begin with the next lemma. It should be a folklore, but we give a proof 
for the sake of completeness. 

Lemma 2.1. Let N be a a -finite von Neumann algebra equipped with an almost periodic state 
Tp. If N is diffuse, then the centralizer must be diffuse. 

Proof. On contrary, suppose that there is a minimal nonzero e € N^. By the characteriza- 
tion of modular automorphisms [HI Theorem VIII. 1.2] we have = o'^leNe, t G R, so 
that {eNe)^\^j^^ = eN^e ~ Ce. By [51 Lemma 3.7.5.(c)] ip\eNe is almost periodic again, and 
thus A^|_^j^_^ ~ J2x>o^^^^\ „ ({-^D- Since N is diffuse, eNe ^ Ce = (eA^e)^,|^„^ and thus 
-Ea^i^^^ ({Ao}) 7^ for some Xq ^ I (otherwise A^|^„^ must be 1; implying eNe = (eiVe)^|^„^ = 
Ce, a contradiction). By [211 Lemma 1.12] there is a non-zero partial isometry v G eNe so that 
erf ^"^(u) — XqV. Since v*v,vv* S (eiVe)^|^„_. = Ce, the partial isometry v is actually a unitary 
in eNe. However, by e.g. [^ Lemma 1.6] one has V'(e) — ipleNeivv*) — Xo^|:\eNe{v*v) — Ao'0(e), 
which is impossible due to 4'{e) ^ and Aq ^ 1. Hence we are done. □ 

The above proposition with the proof of [25l Theorem 4.1] enables us to show the next 
theorem. 

Theorem 2.2. Let Mi and AI2 be non-trivial a-finite von Neumann algebras equipped with 
faithful normal states ipi and ip2, respectively. Denote by {M, ip) their free product, and assume 
that dim(Afi) +dim(M2) > 5. Then, if both (pi and (p2 are almost periodic, then the restriction 
of (p to the diffuse factor part Ale (see §_Z) must be almost periodic and satisfy the very strong 
ergodicity ((Afc)^|„J' n M"^ = C. 

Proof. The first assertion follows from [5", Proposition 4.2] (together with Lemma 3.7.5.(c)] 
when M 7^ Mc). In fact, the explicit description of the modular operator A,^ associated with 
ip (which is explained in [71 §1]) enables us to find a total subset consisting of its eigenvectors 
in the GNS Hilbert space associated with ip. Thus it suffices to show the latter assertion, i.e., 
((M,)^I„J' n M- = C. 

Decompose Mi = Mid ffi Mic into the 'type I with discrete center' part and the diffuse part, 
i = 1,2. We already confirmed, in [25^, Remark 4.2 (4)], that {{Mc)^\,^J' n = C at least 
when both Mi — Mid, « = 1, 2, hold. In the case that either Mi = Mic or Af2 = M2C the desired 
{M^p)' n M"^ — C holds by the latter assertion of [25l Theorem 3.7] since one free component 
has the diffuse centralizer and the other does the non-trivial one by Lemma l2.1l Thus it sufRces 
to consider the following three cases: 

(i) Ml = Mid © Ml, and M^ - M2d, 

(ii) Ml = Mid and M2 = M2d ® M2C, 

(in) Ml = Mid © Mic and M2 = M2d © M2C. 
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Firstly we deal with the cases (i),(ii), but it suffices to consider only (i) by symmetry. Set 
N := {Mid © Cljvfie) V M2 inside M, which is the free product von Neumann algebra of two 
type I von Neumann algebras with discrete center. Write p := Ia/i^ for short. By Dykema's 
free etymology technique (see e.g. [25l Lemma 2.2]) we have 

{pMp, {l/ipi{p))(p\pMp) = {Mic, {l/ipi{p))ifii\MiJ * {pNp, {l/(pi{p))(ppNp) 

with cm{p) = cn{p). By [25^ Theorem 4.1 and Remark 4.2 (4)] (or the structure theorem 
for two freely independent projections, see [271 Example 3.6.7] and [H Theorem 1.1]) N = 
Nd ® A^c, the 'type I with discrete center' part and the diffuse part, so that {Nc)^\f^^ is diffuse, 
and moreover p — Pd ® Pc € {Nd ® N^) H A^i^|„ satisfies that C(^n^)^\^ {Pc) — '^n^ and either 
Pd = 0, Pd = lATrf, or pd is minimal and central in Nd- In particular, {pNp)^\^^^ ^ Cp. By 
Lemma [2.11 {Mic)ip-^\j^.^ is diffuse. Therefore the latter assertion of [25l Theorem 3.7] shows 
that {p{{Ma)^i^Jpy n (M4» = ((pMp)^|^„J' n {pMp)^ = Cp {n.h. p € by [351 Theorem 
4.1]). Consequently, if C(Af^)^|^^ {p) — was once confirmed, then ((Afc)^|„^)' n — C 
would immediately follow (see the beginning of the proof of [23^1 Theorem 4.1]). When pd — 0, 
then 25j Theorem 4.1] (the explicit description of multi-matrix part) shows that Md — Nd 
(i.e., Iat^ = Ia/J and Z{Mc) = CIa/,, implying C(m,)^|^^ (p) > C(^n^)^^^^{v) = = Iji/c = 
cmAp) so that C(M^)^|^^ {p) — lA/e- For the other cases we firstly observe that cm^\^{p) — 
C{Na)^i^^ ^Pd) ® C(Ar,)^|^^ {pc) = HNa)^\^^ (Pd) © ^N,- When Pd = Ijv^, one has cat^,^ {p) = 1, 
implying cm^{p) — 1 {n.h. M = Mc in this case). When pd is minimal and central, 
Theorem 4.1] says that Md = A^d(l - Pd), and cmSp) =Pd® Iat, = cn^{p) = ccp^©(Ar^)^|^ (p) 
by the above. Since <Cpd ® {Nc)^\^^ sits in (Afc),^!^,^^ , we get c^m,)^^^^ {p) ^ Pd® Iw, = lAf^- 
Hence we are done in the cases (i),(ii). 

The exactly same argument as in the cases (i),(ii) with replacing |251 Theorem 4.1, Remark 
4.2 (4)] by the case (ii) (or (i)) shows that {{Mc)^\^,J n M"^ = C in the case (iii) too. The 
details are left to the reader. □ 

If Ml and M2 are assumed to have separable preduals, then automorphism analysis in |31 
§4] is available, and the above theorem together with the explicit description of the modular 
operator associated with ip implies the next corollary. 

Corollary 2.3. Let Mi and M2 he non-trivial von Neumann algehras with separahle preduals, 
equipped with faithful normal states ipi and ip2, respectively. Denote hy (M, ip) their free product, 
and assume that dim(Mi) + dim(Af2) ^ 5. If hoth ipi and ip2 are almost periodic, then the Sd- 
invariant Sd(Mc) of the diffuse factor part Mc is exactly the multiplicative group algehraically 
generated hy the point spectra of Ai^. , i — 1, 2. 

Proof. We have known that Mc is full and (Mc)i^|„ a factor. Hence Sd(Mc) is exactly the 
point spectrum of the modular operator ^^\^., associated with lp\mc thanks to [4] Lemma 
4.8]. It is plain to see, by the explicit description of Aj^, that the point spectrum of /S.^p is the 
multiplicative group algebraically generated by those of A^^., i — 1,2, see [SI Proposition 4.2]. 
Thus the desired assertion follows if M = Mc- For the general case (i.e., M = Md ® Mc with 
Md 7^ 0) we need an exact relationship between Ai^ and A^i^^^. 

By the characterization of modular automorphisms [22l Theorem VIII. 1.2] one has ct^'*'" = 
fjf lAfe, ^ G K. Let (M rv H^,A^) be the GNS representation associated with ip. Set Hq 
Aip{Mc) and Aq :— A^\m^ '■ Mc -> Hq. It is easy to see that the representation Mc r\ Ho 
with Aq : Mc — > Ho can be identified with the GNS representation associated with (p\Ma so 
that we write Hi^i^^ := Ho and A^i^^^ := Aq. Denote by P the projection from H^ onto 
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■H^l,,^. As in (b) ^ (a) of the proof of [5(7, Theorem 7.1] one has (1 - 2P)A^(1 - 2P) = 
so that is affihated with {P}' , i.e., A^77{P}' on Hip. In particular, the spectral projection 
Ea^{—) of and A^ (i e M) commute with P, and thus the restrictions Ea^{—)\-h^ij^j 
and Af*|-H , toHj^i,, are well-defined. Moreover the restriction A„ I -w , toH^u, is well- 
defined in the following sense: Domain(A^|-H^|^^ ) — Domain(A(^) n 'H^\^j^ — P(Domain(A^)) 
and (A^l^^i^^J^ = A^^, ^ e Domain(A<^|-H^|^^J. In fact, ^ G Domain(A^|-H^|^^J if and only 
if ^ G n^\,„^ and EA>o-^^II^A^({A})C||?f^ < +oo. Moreover A^T^jP}' implies PA^ C A^P, 
and 

A>0 
A>0 

for C G Domain(A^|«^|^^J, C e "H^i^,,^. Those show that A^j^^,^^^ = (Ay|«^|^^J* and the 
spectral projection of A„|-h , is given by the restriction {—)\'H ■ Hence, for every 
X G Mc and every i G M we have 

implying A^ I j,,^ A^^l^^,^^^ and i;A^i^^J-) = Ea_^{-)\-u^^^j^ by the uniqueness part of Stone's 
theorem. 

From the above fact it immediately follows that the point spectrum of A^p^^^^ is contained in 
that of Ay, and we want to prove that they are exactly same. We have known that the point 
spectrum of A^ is the multiplicative group algebraically generated by those of A^p^, i = 1,2, 
and also that the point spectrum of Aj^Ij,, is Sd(A/c) being a multiplicative group. Thus it 
suffices to prove that any eigenvalue of A^^, i = 1,2, becomes an eigenvalue of A^i^^ . Let us 
choose an eigenvalue A ^ 1 of A^p. , i = 1,2. By [31] Lemma 1.12] we can choose a corresponding 
eigenvector of the form A^^{x), x G Mi. It is plain to see that a-f^{x) — A** a;, x G M, and by 
using e.g. [H] Lemma 1.6] together with the formula 'erf — af^ * af^', < G M, we see that x 
is an analytic element with respect to a''^ (indeed z G C i— >■ A^cc G M is its unique analytic 
extension), and thus AyAy(x) — Ay(cr^j(a;)) = XA^{x) (see around [22] Lemma VIII. 2. 4]); 
saying that A^(x) is an eigenvector of Ap corresponding to A. By the explicit description of 
the multi-matrix part Md in [25l Theorem 4.1] one can easily see that x = Xd (B Xc & Md ® Mc 
satisfies Xc 7^ 0. Then PAp{x) = Aip{xc) = Ap\j^j^{xc) gives a non-zero vector in H^Ij^,^, 
and Ap\j^,^A^\j^jJxc) = A^PAp{x) = PA^A^{x) = APAy(a;) = XAp\j^j^{xc). Thus A is an 
eigenvalue of A^i^,^ . □ 

Or more less related to the above we are interested in the question: 'Which finite von Neu- 
mann algebra can be the centralizer of a faithful normal state of a factor ?' In the direction 
Herman and Takesaki [IT] constructed the first example of the trivial centralizer. Connes [3] 
showed that L°°[0, 1] can be the centralizer of an almost periodic state of an arbitrary Krieger 
factor (actually he proved that this phenomenon characterizes Krieger factors, or equivalently 
hyperfinite (diffuse) factors due to Connes-Haagerup classification theory for injective or hyper- 
finite factors). Connes and St0rmer [S] showed that any non-type I factor with separable predual 
always has a faithful normal state whose centralizer is of type Hi. Haagerup and St0rmer [TUl 
Theorem 11.1] strengthened Connes-St0mer's result, especially proved the same result for any 
cr-finite von Neumann algebra without type I component. It follows from Ozawa's solidity of 
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L{¥oo) [H] that a non-injective type IIIi factor in the class of free Araki-Woods factors admits 
only injective centralizers. (See |13: for related results around this.) However it seems, to the 
best of our knowledge, that the question is not yet explicitly answered. Probably many special- 
ists believe that any finite von Neumann algebra can be. We would like to point out the next 
fact, which in particular shows that ((Afc)<p|jij )' H — C may fail to hold in general. 

Proposition 2.4. For a given finite von Neumann algebra N with a faithful normal tracial 
state T there is a type IIIi factor M with a faithful normal state ip such that the centralizer 
with (p\My, is exactly N with r. 

Proof. Let Roo be the unique hyperfinite type IIIi factor. It is known (see [TT', §3] and also 
[TCI p. 246-247]) that there is a faithful normal state ip on Roo such that the modular operator 
has no eigenvalue on the orthogonal complement of the representing vector of ip in 
L2(i?oo,V')- Let iM,ip) be the free product of (iV,T) and (i?oo,'0)- By ^ Theorem 3.4] the 
free product von Neumann algebra M is a factor of type IIIi. Moreover we can prove, see 
[U Lemma 7], that the centralizer is exactly N by using the simple fact that any tensor 
product Ut(SVt of 1-parameter unitary group Ut without eigenvector and arbitrary one Vt (even 
possibly to be the trivial one) has no eigenvector (which can easily be seen by using e.g. |14l 
Theorem VI.2.9 in p.l38]). □ 

It is easy to see that the modular operator associated with the free product state ip con- 
structed in Proposition 12 .41 has no eigenvalue except 1. However an almost periodic state may 
still exist on AI, but it is likely that M always has no such state. Hence it is desirable to find a 
necessary and sufficient condition for the existence of almost periodic states on the diffuse factor 
part Mc of arbitrary free product von Neumann algebra M. This question will be answered in 
the next section. 



Throughout this section let us assume that Mi and M2 are von Neumann algebras with 
separable preduals, since automorphism analysis will play a key role in this section, and also 
ifi and ip2 are arbitrary faithful normal states on Mi and M2 , respectively. Denote by (M, ip) 
the free product of (Mi, i^^i) and (M2, (p2)- The main purpose of this section is to compute the 
r-invariant t{Mc) of the diffuse factor part Mc and to clarify when the diffuse factor part Mc 
possesses an almost periodic state or weight. 

Let us begin by recalling some definitions. For a given factor N with separable predual, N is 
said to be full if Int(iV) is closed in Aut(iV) endowed with the so-called u-topology, see [H §111] 
(or [23l Ch.XIV,§3]), and the r-invariant t{N) of a full factor N is defined to be the weakest 
topology on R that makes the so-called modular homomorphism i S K 1— )■ 5Ar(i) € Out(A^) be 
continuous, see [H §V]. Here Out(A^) := Aut(A^)/Int(A^) (with the quotient map En) becomes 
a Polish {— separable metrizable complete) group with the quotient topology induced from the 
u-topology and define S]\[{t) := e]\[{af) € Out(iV) with an arbitrary fixed faithful normal state 
or semifinite weight ip on N. 

The next proposition is most technically involved in the present notes. 

Proposition 3.1. // either Mi or M2 is diffuse, then for any sequence {tm)m of real numbers, 
6M{tm) — > eAf(Id) in Out(M) as m ^ 00 if and only if both ' — > Id in Aut(Mi), i = 1,2, 
or equivalently af^ — > Id in Aut(M), as m -> 00. 

Proof. We will borrow several facts and arguments from 25, §§2.2 and §3] in what follows. 

It suffices to show the 'only if part. Take a sequence {tm)m of real numbers such that 
6M{tm) — > £A/(Id) in Out(Af) as m — ^ cx). Then there is a sequence {u{m))m in M" such that 
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Adu(m) o af — > Id in Aut(A/) as m — cx3. Let us choose and fix an arbitrary free uhrafiher 

w € f3{n) \ n. 

By symmetry we may and do assume that Mi is diffuse. As in |251 Theorem 3.4] there is a 
faithful normal state ip on Mi so that (Mi)^ is diffuse, and thus one can choose two unitaries 
a, 6 e (A^i)v in such a way that (pi(a") = i5„o = see e.g. the proof of [251 Theorem 3.7]. 

Denote by Ei : M Mi the yj-preserving conditional expectation, see [351 Lemma 2.1]. 

Since Adu(m) o af^^ — > Id in Aut(M) as m — > oo, one has \\ip — tp o Adu(m)\\M, = ° 
Adu{m)* — ip\\M, = ||'^°cr-t„ ° Adu(m)* — (^||m* = ||v~¥'°Adu(TO)o(T^^||Af, — >■ as to — >■ cx). 
Hence, for any bounded sequence (x(m))m of Af with x(m) — >■ in a-strong* topology as 
m — we have 

||x(m)*u(m)*||^ = (p{u{m)x{m)x{m)* u{m)* ) 

< \{(p o AdM(TO) — ip){x{'m)x{m)*)\ + (p{x{m)x{m)*) 

< sup||a;(TO)||^||(po Ad-u(TO) - (ysll^i/. + ||x(to)*||^ — > 0, 

||a;(m)M(TO)||^ = ^{u{m)* x{m)* x{m)u{m)) 

< \{ip o Adulm)* — ip){x{m)* x{m))\ + (p(a;(TO)*x(m)) 
<sup||a;(TO)||^||(poAdM(TO)*-(^||A,/. +|jx(m)||2 

SO that {u{m))m represents a unitary u in the ultraproduct Af". Note that 
Ad(M(TO)[L>^i : DV]*™) o CTtt"^' = Adu(m) o crf^^ — > Id 

in Aut(Af) as TO — oo. Write v{m) := [Dipi : Dip]t^ € Af" for simplicity, and set w{m) :— 
u{m)v{m). We apply the same argument as above to the pair w{m) and ipoEi, and consequently 
we see that {w{m))m represents a unitary w € A/". We have v :— u*w — [(u(m)*w(m)),„] — 
[{v{m))„i] so that (w(m))„j also represents a unitary v e A/". Let y G A/"^ be an arbitrary 
element with representative (^(to))^, and x be an arbitrary faithful normal state on M. For 
any bounded sequence {x{m))„i of M with x(m) — >■ in cr-strong* topology as to — >■ w one has 
||(T^j^(x(m))||^ — ||a;(TO)||^ — > and \\a^f.^{x{rn)*)\\^ — ||a;(TO)*||^ — > as to — so that 
a^^^{x{m)) — > in u-strong* topology as m — > w. Therefore we get \\x{'m)a^f^{y{m))\\^ — 

\\a^tjx{m))y{m)\\^ and ||a;(TO)V^,^(y(m)*)||x = H^,^ (x(m)*)y(m)* jj^ ^ as m ^ 
Lu. These establish that {(T^f.^{y{m)))„i represents an element in Af", which we denote by y^^-^ 
in what follows. (This indeed shows that (cr^j )„i is 'semiliftable' in the sense of Ocneanu in 

m §5.2].) 

Let us prove that w — Ef{w) G Mf . For any x £ (Mi)^ one has 

wxw* = [{w{m)xw{m)*)jn] = [{w{m)af°^^ {x)w{in)*)n\ = [{x)m] = x 

inside M'^, since Adu;(TO) o crf^^^ — > Id in Aut(A/) as to — > oo (and thus the same holds 
true when m — ^ w). Hence we get w E {{Mi)^)' n Af^ C {a,b}' D Af". One can choose an 
invertible y G M2 {n.b. M2 ^ C), see the proof of [251 Theorem 3.7]. As seen in the previous 
paragraph the sequence {(jf^^^ {y)))m gives y^^^^ G M^ . Then we compute wy^°^'-w* = 
[{w{m)at°f^ (y)u;(TO)*)™] = [(y)„,] = y inside Af'^ thanks to Mw{m)oat°'^^ — > Id in Aut(A^) 
as TO ^ 00 again. Hence y{w - Ef{w)) + {yEf{w) - Ef{w)yf°^') + {E'^'{w) - w)y'l'°^' = 
yw — wy^^^^ ~ inside M'^ . For the purpose here we will prove, by the same technique as in 
[13 Proposition 3.5], that y{w - Ei{w)) is orthogonal to the others in L'^{M'^, (-0 o Ei)'^) in 
what follows. As in [551 Proposition 3.5] we write Mi := Kcr('0), and denote by Pi, P2, P3, P4 
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the projections from H :— L'^{M, V' o Ei) onto the closed subspaces spanned (via A^o_Ei ) by the 
following sets of words 

M^M^---M^, M^---M^, M^---M^, M^---M^, 

respectively. We also denote by Ei the projection from H onto the closure of A/i (as a subspace 
of via A^o_Ei) induced by Ei, see the proof of [25l Lemma 2.1]. Remark (see the proof of 
[251 Proposition 3.5]) that I-u = Ei + Pi + P2 + P3 + P4 (and iSi, Pi, P2, ^3,^4 are mutually 
orthogonal). With replacing u,v there by the above unitaries a,b the exactly same argument 
as in the proof of [25, Proposition 3.5] shows that for each S > there is a neighborhood Ws in 
/3(N) at uj such that 

\\{P2 + P3 + P4)^i,oE^{wim))\\^,E^ <5 (3.1) 

as long as m g Ws n N. We then regard L'^{M'^, {ij} o EiY) as a closed subspace of the 
ultraproduct H". One can see, by using (|3.ip . that 

hi'oEt)-'{.y{w - E'^iw))) = [(2/PiA^;o£;i(w(to))) J 

in H'^ with H = L'^{M, ijoEi ). See the estimate below or the proof of ^ Proposition 
3.5] for its detailed derivation. Also it is trivial that 

A^^oE,)AyEn^)~E-{w)yl°^') = [{A^oEAyEi{w{m)) - Ei{w{m))aff^{y)))J 
in Ti'^. Consider a smoothing element y„ {n g N) of y with respect to a^°^'^ defined to be 

which falls into the cr-strong closure of the linear span of MiMj Afi and converges to y in a-weak 
topology as n — >■ oo (see e.g. the proof of [25, Proposition 3.5]). Note that cr^°^^ (cr^^^ (?/„)) = 

'^t°^^^ i'^-°if2 iVn)) , and thus for each n we have, by p.ip . 

\\A(^,E,).{{w-E-{w))yf°^]) 

= lim \\jat°'''iat-%'iyn)rJiA^oEA^im)-Eiiwim))) 

- PiK^oEAw{m)))\\^^^^ (3.2) 

< lk-°f2'(yn)||oo sup \\{P2 + Pi + Pi)A^oEAw{m))\\^oE, 

< Ik^°/^'(yr0lloo(5, 

where J is the modular conjugation oi M rx'H. = l?(J\l^ V ° E\). Since (5 > is arbitrary, we 
get 

A(^oi=;,)-((^ - ^^rH)2/:f(5) - [(Ja!°;2^(at^^(y„))VPiA^oij,(«;(m))) J 

in for each n. Since af°^^{yn) — v{m)*af {yn)v{m) still falls in the a-strong closure of 
M1M2 Ml {n.b. v{m) = [Dipi : Dip]t^ G Mi), the same argument as in the proof of [25l Proposi- 
tion 3.5] shows that A(^^oEi)'^{y{w — E^ (w))) is orthogonal to Af^^oEi)'-' ijjEi {w) — E^ (w)y'^°^^) 

andalsotoall A(^o_Bi)-((w-i^"(w))y^°^J)'s. Notice here that {a't°t^Aw{m)))m, (o--?f'(y))™ 

represent w'j^"^^ , y^°^^ G M", respectively, as seen before. We have, ioi z = y or y„, 

(V- o ii;i)-((«; - E^{w)ry*{w - E^ {w))zf°'^^) 
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= lim o Ei{(w{m)* ~ Ei{w{m)*))y* {w{m) ~ Ei{w{fn)))(Tf°^^ (z)) 
= lim ^Po Ei{{atf'{w{m)y - Ei{atf'{w{m)y)) 

= o i?i)-((^pf^ - i?r(<°f *(<°f^ - i?r(<°f ))^), 

and hence 

= o £;i)-((u;pf ^ - - E-{w-f°_^^))y) 

= Jim (v- o E,n{wf°^^ - 

= Jim (A(^,oB,)-((«^ - i^r(«^))yS+;|A(^oi=;,)^(2/(«^ - H)))(VoB,)- = 0. 

Consequently y{w — Ei{w)) is orthogonal to {w — Ef {w))y^°^^ too. Therefore we get \\y{w — 

Eii'w))\\(^oEi)-' < l|yu'-u'2/f+f'll(^oBi)- = 0, implying w = E';'{w) G since y is invertible. 

Since w G A/f we have u — wv* E . For the above y E M2 we have uy'^^^u* — 
[(Adu(m) o af (y))m] = [(y)m] — y, since Adu(m) o af — y Id in Aut(Af) m — > 00. Thus 

= uy^^j =yu = Lp'^ {u)y+y{u-Lp'^ {u)l). Since andM;^ are free 
in (M",(/3") (see e.g. [24, Proposition 4]), we have \\y\\^u.\\u-ip'^{u)l\\^u. = ||y(u-(/j"(it)l)||^^ = 
so that limm_j.^ ~ = \W~ Lp'^{u)l\\ipui = thanks to y 7^ 0. Since our choice 

of a; e /3(N) \ N is arbitrary, we get limm^oo — <^{u{m))l\\^ = 0. Hence we conclude 

that af — > Id in Aut(M) as m — )■ c» in the exactly same way as in the proof of [H Theorem 
5.2]. " □ 

Here is the main theorem of the present notes. 

Theorem 3.2. Assume that Mi 7^ C 7^ M2 and dini(Afi) + dim(A'f2) > 5. Then the T-invariant 
t{Mc) of the diffuse factor part Mc of the free product von Neumann algebra M is the weakest 
topology on R that makes the both mappings t E R*-^ erf'' E Aut(Mi), j = 1, 2, be continuous. 

Proof. We may assume that Mc is of type HI, that is, either ipi or ip2 is non-tracial. Let 
us decompose Mi = Mid ffl Mic into the 'type I with discrete center' part and the diffuse 
part, i = 1,2. We may and do further assume that either Mic 7^ or M2C 7^ 0. (Other- 
wise ((Mc)<^|„J' n M^ = C by Theorem (or Remark 4.2 (4)]), which immediately 
implies the desired assertion, see the proof of Proposition 13.11 In fact, if Adu(m) o cr^^ — y 
eA./^(Id) in Aut(Mc), then {u{m))jn represents a unitary in ((Mc)<^|j^^ )' n = C, implying 
limm_j.^ ll"('Ti) — {l/ip{lMj)(p{u{m))lMj\,fi = 0.) In what follows we assume that Mic 7^ 0. By 
PSI Theorem 4.1] the compressed algebra Im^^MImi^ is isomorphic to Mc since Mc is assumed 
to be of type HI. Thus t{Mc) = t(Imic-MImic) holds, and write p := Imi^ for simphcity. By 
Dykema's free etymology technique (see e.g. [25j Lemma 2.2]) one has 

{pMp, {l/Lpi{p))(f\ 

where N = (Mid ® Cp) V M2. Suppose that i„ ^ in t{Mc) = T{pMp). By Proposition lO 

o"*!!'"'" — > Id in Aut(Mic) and af^""" — > Id in Aut(piVp). Note that N is the free product 
von Neumann algebra of Mid ffi Cp and M2 with respect to <fi\Mia®Cp and ip2- Any eigenvector 
X E M2d of the modular action a'^^^'^'id — (j'^^\M2di i-'^-i '^t^i^) — for some A > 0, satisfies 
pxp 7^ 0. It follows that af^ — > Id in Aut(Af2(j) since the restrictions ^2\M2d ^^'^ almost 
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periodic. When M2c = 0, i.e., M2 = M2d 7^ C, one can choose an eigenvector y G M^^ of 



by symmetry, cr^^ "^'= — !• Id in Aut(M2c) and af^ — !• Id in Aut(Mirf). Consequently the 



Corollary 3.3. Assume that Mi ^ C ^ M2 and dim(Mi) + dim(Af2) > 5. Then a necessary 
and sufficient condition for the existence of almost periodic state or weight on the diffuse factor 
part Ale of the free product von Neumann algebra M is that both the given ipi and ip2 are almost 
periodic. 

Proof. We may and do assume that Mc is of type IIIi . Suppose that Mc has an almost periodic 
state. By [H Theorem 4.7] there is an almost periodic weight "0 on Mc such that the point 
spectrum of is exactly Sd := Sd(Mc). Then by |3J Proposition 1.1] t E M. 1-^ af can 
continuously be extended to the dual group Sd (Sd is equipped with its discrete topology), 
where M is continuously, faithfully ([H Corollary 4.11]) embedded into Sd whose range is dense. 
Note that af^ — > Id in Aut(Mc) implies SM^{tm) — > £A/c(Id) in Out(Mc), and hence by 
Theorem [X^^r -> Id in Aut(M,), i = 1,2. Thus t £ R 1^ af' £ Aut(Mi) can continuously 
be extended to the whole Sd, i — 1,2. Hence both ifi, i — 1,2, must be almost periodic by [H 
Proposition 1.1]. □ 



The previous paper [25' and the present notes solve the questions of 

• its factoriality ( 25, Theorem 4.1]), 

• determining its Murray-von Neumann-Connes type (|25] Theorem 4.1]), 

• its fullness ([25l Theorem 4.1]), 

• computing its Sd- invariant (Corollary 12.31 of the present notes), 

• computing its r-invariant (Theorem 13.21 of the present notes) 

for arbitrary free product von Neumann algebra. Those results in particular show that the 
resulting free product von Neumann algebra certainly 'remembers' the given states, that is, the 
free product state is 'special' in some sense. 

One more algebraic invariant related to full type IIIi factors was introduced by Shlyakht- 
enko [19]. However we cannot yet deal with it. Also Connes' bicentralizer problem should be 
examined for free product von Neumann algebras. In fact, Houdayer [12] showed that any type 
nil free Araki-Woods factor has the trivial bicentralizer. In the direction we can confirm, by 
[15J Corollary 3.2, Theorem 4.1] together with Haagerup's solution [S], that the bicentralizer 
problem is affirmative for any type IIIi factor arising as (a direct summand of) free product 
of hyperfinite von Neumann algebras. However we do not know whether or not the problem is 
affirmative in general. 



We thank the referee for pointing out a typo and giving a comment related to Proposition 




desired assertion follows. 



□ 



4. Concluding Remarks 
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